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Abstract: In this paper, ferroelectric thin films, described by an ising model 
in a transverse field, have been studied under the mean-field approximation. 
We discuss a thin film composed of N-layer film of simple cubic symmetry 
with nearest-neighbor exchange in which the exchange strength and 
transverse field are assumed to be different from the bulk values in Ns

surface layers, and we derive and illustrate expression for specific heat and 
susceptibility. In such films, the Curie temperature can shift to either lower 
or higher temperature compared with the corresponding bulk value. If the 
surface exchange strength is strong enough, there is still a phase transition to 
ferroelectricity even when the transverse field is larger than the bulk critical 
value. The bulk peak of the specific heat becomes a discontinuity at the film 
curie temperature. There is a rounded peak at the bulk curie temperature if 
the surface exchange strength is higher than the critical value.  

The film susceptibility still diverges at the film Curie temperature, as 
does the bulk susceptibility, but its magnitude is reduced. Also there is a 
rounded peak at the bulk Curie temperature when the surface exchange 
strength exceeds the critical value. The bulk related character of the specific 
heat and susceptibility is less pronounced and the surface – related character 
is more pronounced when the film thickness is small, or the surface – layer 
number is large. 
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 =14) G?� �� ' :�� �1; �� �	� =/�� �/:6 ���� 	� 

'�� �6�:6 =�	H 	
 �4�	�! �� �.+ U	
��� ���; 7�	6 g�	
 T!	� �! �� �,/; .�	/!� �/��Tc

)��,6 �	!� (�#>#! �/0Hz! T/
	+ �,/N �/
 �/:6 �/#>#! 	
 �4�	�! �� ��� �
 k,
�! �	� ��

�! {��� =�� ��� ���>! F���)� T �� �
 T!	� '�� �6 ��),; .�#>#!Js/J = 0.5 1; �#>#! �

Js/J = 1�=�� ��� �% ����! 	! Tc�56 A=�� ��# �	 .�	9 #>#!Js/J = 2 �Js/J = 1.5 �� Tc

�� ��C�$
 �6 ���Tc�=�� �:6 �! �	K) �(��, A	) �#�� .*��
 <�	
� T �� �
 '�� �1/; 7#/6

' :�� =�� �:6 G?� �� ���� ��� ! � 	� .�.+ /��/#>#! �	 �	/� T�/; ٢-EFGا ���,/H �� 

�(��, A	) �� �6 ��	��! |� ��	#�! �5 ) �),5) �� �! T�; ��#�� �� C .�/��������	A �	/� ��

 T�; �	9 #>#! �5�cys�� 	
 	��I ��2
 �	9.�; �Ω�Ωs�! '  2� �),/;.T�/;cyr

���
5.3J/ =Ω�)��>
 ����! �� ���	
3'�� �� �6 =�� ��; *�� ��@C ` � �:6 =�	H

 �5) �	K) �� ��	� ��� =�� ���������	A �	� �� �.'�� �	9 #>#! �@� �4/H �/
 =�	H 

KT �)� ��; *�� .	X)% �� 	!� Ωs/J �Ωs/Js�� �� �� ��563�#�4� .�>?/� �	� ��@C

 5� ��J�! ���� 	9 #>#! �,; .	9.�;�cy� }cyC <���
 �� 	!� �4H �
 �B�� �	!�

 ��� ������ *. � �� �! �	K) �>?� ��� �� 	
 �� ��	/���!��	A �	/5� 	���!��	A �6 ��

�#�4� T1+.

�/�� ��,/6 �	/!� �� �(�/�, A	) �/� 	/���!�	A '/�� �B/�� �	/!�C �	9 #>#! 

Tc(film) �! �	K) �(��, A	) '�� �.+ ��#.
 �6 ��#�� 7���$�� 	
 	� Js/J �! 7��$�� �
	� .

.�; �.6 <�	
��	9 cys�� �cyr	
 �cy}�cy<7��$�� �� 9 CB��� �>?� �	 

$�34��� ������ *. � �� ���
 	!� �4H�
 �B�� �	!�C ��) .s��(1N,1J/,1J/ ss ==Ω=Ω

)r(1N,5.3J/,1J/ ss ==Ω=Ω)}(2N,1J/,1J/ ss ==Ω=Ω

)<(2N,5.3J/,1J/ ss ==Ω=Ω
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�4���4;� C���-��D" � 3B�� C���7... #�I

$�35��� =4 
 *. � ���
 	!� �4H �
 �B�� �	!�C 	
 ��1J/,1J/ s =Ω=Ω

)s��(1Ns =)r(2Ns =

�:6 �	9 CB�� 7�	6 =�� �� .T�; ��cys�� , A	) ��	9 (� Tc(bulk) �	� 7�	6 � ��

 T�; �	9 (��, A	) $ ) cy<T�; �� ��C�$
 cyr=�� .�	/� �� �/�� �B/�� �	!�C

�:6 ����! �� 7P
 �% 	
 ���������	A � �=�� u1?#! ���� �,nH 	9.�; J5� �� �6 �� 

������+ �% T ���= ΩΩs=�� <	1�	>! ��.

���	2! �� ��,� ! �C�	� �
)Yj(���
 =�	H '�� �6 =�	��� Ω≠Ωs� =4 ) ~�	I

 �! ���������	A �	� �B�� �	!�C �/:6 ���	/�! �� ��# �	/A 	/� ���	/
 ���/�! �/� �
 �)�,� ��

�
	O �N,
�! �,; 	O .T�;d�	����,5) ���
 �� �B�� �	!�C ��� =4 
 *. � �� �
 ��

���
 � ���Ns = 1�Ns = 2�! 7�	5) ���.���,5) '�� ��=!	P� 7��$�� T �� �
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���,�- �0����� ����!
� #�@

�>?� �	R%)
	O � 753���	O (�	����,5) 	
 �4�	�! ��cys/�� �cyr�,/N �/


=�� ��56 �� (5KL.

12
%�6#�
�� $� %& � ������	
 ��
������ 
��� �������� �� a�,3 �#�4/� *9! T5� �� ���������� �	� .� R	/� 7/P
 '/�� ��

 /�� �	/��� ��� �� =!	P/� � G?� �/! �1/�	>! �/������� ��	����@/A ��	�4 � * /#6

 � ���6 *�� 	!� �4H �
 �� ��	����@A �	����,5)%��6 * ��,3 � 4
� �� 	9) .�	� ��@C

 �/! �	�/;% �/������� ��	����@/A �� ��	/X#9
	) �/� 	
 �,52! �,/; .�/���
 ���/


 �/�	��� �� �� s 2/� =/3�,#�� �/������� ���/ ! �/� ��/������� ��	����@A �/��

 �! &	5�� ���������� * #6 .?
�� �),�. !	� �
 �@�J)Y(�.5O ��	/�� �/�� <�,/I �
 ��

�! �,;.

)Yq(∑µ−=
m

i

z
iext SE2H

*��
 �.5O '�� =3�,#�� �������� ��� ! 	
 �� 71?+ 7#6 E I,��! s�/#6 .'/�� ��

�?
�� m� G?/� �/H�� �� �)\���/ � �	��), A ���2� µ��	�K/C �/6 =/�� �1��/�


	O�' :�� �1; �(.5� 	
 �� �),� ��	O Si
z�! k,
�! �#6.

1�	>! ���
J�/! ��	
�/�� T/1+ 7P
 D
��� �� �������� ��	����@A '/�� 	/
 �* /#6

>
I ��� �6 �?�,�! ��� ! �,#6� �6 <�	
�Jif��! T5� =�� ��� <�,I �
 �#6:

)c_(







µ+Ω= ∑

j

z
jijii E2RJ,O,A

��� 71?+n�! =�� �
 ��� �?
�� �� f� ��%:

)cY(z
nn Rm2P µ=

��� �	�4�� ��	����@A �n�! =�� �
 ��� �?
�� �� f� ��%:

)cc(0E
n

0E
n

n0 E
Rm2

E
P

== ∂
∂

µ=
∂
∂

=χε
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�5. � <��	2! �� ��	
��� 	
 �! �>?� ��� �� 	
 �/� �� �� �/������� ��	����@/A ��,/�

 �1�	>! ��� ��6 .u�K! 	
 �� C �?
�� �� )cY(�/
 =14/)E<��	/2! �� ��	
�/�� 	/
 �

��1O)d(	�)^(�! ��� �?3 <��	2! �	(��� �
 * ��:

)cd(1KJKJ4
dx
df

2s1s

1

=−











−








−

)ce(1JKKJ4
dx
dfKJ 32s

1

1s =−











−






+−

−

)c^(1JKKJ4
dx
dfKJ 1nn

1

1ns =−











−






+− +

−

−

�	2! �� �6J�)c^(n≥3� =/�� i
0

2

i Km4








ε
µ

=χV
	/� �f(x) �/�� <�,/I �/


�! s��2� �,;:

)cj(
TK2
xatanh

xa2
x)x(f

B

22

22

+

+
=

��� ���
 �?
�� '�� �� �6 �>?� �	� a = Ωs��� ���
 ��:6 �	� ��a = Ω=�� .

X*��
 M�2! ��	45� '������$) 	
 ' :�� �1; �� 7#6 �,
 ���,3 7�	�����
 �6 

' ��� ��� �>?�2s1s RJRJ4X +=����
 ' !�� ����>?�

32s1s JRRJ4RJX ++=��� ���
 ��:6 �	� ��1nn1n JRJR4JRX +− ++=

=�� .��� =�	H '�� �� )�	3 <�,I �
 	�9�! T5� ��	 �)� ��; TQ�! ���,�! �6 �##6 .

�! '  2� ��� �?
�� �� ��� ��	����@A ' ()	 ! �,;:

)co(∑
=

−−− χ+=χ+
N

1n

1
n

11 )1(N)1(

�% �� �6N��� T6 ���2� =�� *. � �	�.�� �/������ �� ��	����@/A ��	!� �(�4
��

 T�;eys���ey
 r��� ������ *. � �� ��� � �>?/� �/�� �� 	
 �� J/Ω�/J Ωs

����! �6 ��)� ��; *�� =
	R Js/J ��/; xPK/! �/#>#! �� ��� �14L�
 <�,I �
 

=�� .D
��� �
 �O,� 	
)cY(	�)cd(�! ���	K! �� ��	����@/A �/6 �,; �� �/������
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���,�- �0����� ����!
� #�%

�! ��C�� ��,6 �	!� �,; .T�; ��eys�� �)��>
 ����! �� G?� ���	1� <��+ ��+� 

=�� ���L,6 (Js/J)c=1.25��/
 �/.+ �/�#�� �	#w�/�� �
 �=�� �:6 =�	H �
 � 1; �#>#!

 �! T��#! ��# �	A �	�	!� =5� �/
 k,/
�! �/#>#! �� ��/�)	#L $/ ) �% ���/�! � ��,/; 

Js/J=0.5 �! ���� �! 7�	6 ��,; �
	�.=14) Js/J �.+ ��K 
 &	��)� �
���L,6 �	�	!� �


 �! �% ����! 7�	6� ��# �	A �!	X)� .�!	(#� �/
 G?/� ���	/1� <��/+ �/6 =5/� ���/�!

 �! 7��$�� �)��>
 ���	
 �	�	!� �
 �.+ ��
	� ! 	O �
	O��/
 ���	1� <��+ 7��$�� ��,;

 �)��>
 ����! �� ��C�$
 ���	�! (Js/J)c�/! �.+ U	
��� 7�	6 � ��K 
 &	��)� g�	
 �,/; .

T�; �� �6 ��(�� ���)eys���! ���� ��,; �C�/!%�
 �� �,O���/#>#! �/J = 

1.5Js���=�/#>#! ��,/! �� �6 Js/J=2 =4/ ) �,9K/! �/. 3 �C�/!%�
 '/��.'/�� 

�! ���� �:6 ��,6 �	!� ���,H �� �C�!%�
 �,/; .�/.+ V/+�� �� �/:6 �	/� ��/ 53 ��

�!	(#� �! ���	K! �	(�	O 71?+ �� �9O,� T
	+ �  i� �� �6 ��),; G?� �� ��� �	�

)u5� (���� ��� �.+ �. �� �
 <�; �
 �� 53 �.+ ����,N �
 G?/� �/
 k,/
�! �	/�

� �C�!%�
 �� T�; �
 � ��; ��)	K)����#>#! �Js/J = 1.5 �/! ��/�� �,/; .���/�! 

Js/J = 3.5 �� T�; eyrC�$
 /�����)��>
 ����!3=/�� .'/�� �� T/ �� '/�� �/
 

$�37	!� �4H �
 ��	����@A ��� ������ �	95. � ���
 ��.
)s��(1N,1J/,1J/ ss ==Ω=Ω)r(1N,5.3J/,1J/ ss ==Ω=Ω
)}(2N,1J/,1J/ ss ==Ω=Ω)<(2N,5.3J/,1J/ ss ==Ω=Ω

���	�!	
Js/J��; ��� �4L�
 �N,
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��@C =�	H ����) �,O� �:6 �� ��	�.����C�� �	!� �� �������� ��	����@A �	�

 7��$�� 	
 ��,6Js/J�! E�$
 ���! 	
 �4�	�! �� 	9)% ����! � �),;�:6 ��N,
�! ��

�! 7�	6 �
	� .

�! �� T1+ gH	1! �	9.�; ���
 ��,�ey}�ey! <�5. � �
 k,
� ��� �� 	


�.+ 7�	6 � &	��)� 	9 #>#! '�� �� ��#�� $O ���
�	6 �
 =�� �>?� �#>#! �
 =14) 	�

 �. 3 =�	H '�� �� ��,6 �	!� ���,H �� 53 �.+ �� � =�� ��56 �:6 �
 k,
�!

L,6=�� T1+ �� ��� .T�;^��� =4 
 *. � �������� ��	����@A � ��� �
 �� ��

���
 Ns = 1�Ns = 2�! �	K) ��� .�.+ 	
 �4�	�! �� ��,6 �	!� ���,H �� 53 �	�

 �	����,5)eys�� �eyr��4O�
 =�� �� .�! �C�	� �
 �L,6 �),(L �6 ��� ��,�

� ���2� ��,
 E�$
 � *. � =!	P� ��,
���	� �	9 CB�� 7��$�� g�	
 �>?�

753 �� *�� �>?���.+ 7�	6 � &	��)� �! �������� ��	����@A �	9 #>#! �	� �),;.

�8��� 

$�39��� =4 
 *. � ���
 	!� �4H �
 ��	����@A	
 ��1J/,1J/ s =Ω=Ω
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� #$+

��� ���
 �� ' ()	 ! ��� ! ���0) "/#�$�% &�/! �� ��	
�/�� 	
 �6 ���������� S�	) �	�

 ��; s I,� ���� D4
 �)� � �
 I,� 	
 � *�� � �B/�� �	/!�C �*�4/ � �/.3�� �\�/)� �

��� �������� ��	����@A *���6 ����
 	!� �4H �
 �� ���������� S�	) �	� .�.+ �	�

 �/
	O � 753 ����� ��,6 �	!� �� �B�� �	!�C ��N <��/+ �/�+� ��#�4/� ��	/O

 �.+ �=�� �)��>
 ����! �� ��# �	A ���	1� �#! ��# �	/A �	/�	!� =5/� �/
 �� 53 �	� T/�

�! �! ��K 
 �)��>
 ����! �� ���	1� <��+ ��+� v���
 � �),; �,;��/.+ '/�� �/
 	/�

 �
	O ���	
 �	�	!� �! 	O �),; .��� ���2� 7��$�� 	
 u/5� =/� �H �� �/6 �>?� �	�

 �! �	K) �� �>?� �	R% Z,
) �/.+ ��,6 �	!� ��� ���� ���	/�! �/
 �B/�� �	/!�C �	/�

 �! =�� ��# �	A �##6.
 �� �14) ���	1� ���	�! ���
 ��,6 �	!� ��	 (Js/J) ����! �� ����� 

�)��>
c^/Y��.+ �! T��#! ��C�$
 ���	�! �
 	� �),;.

��� �������� ��	����@A �! ��	#�!	) ��,6 �	!� �� ���������� �	� �C� 	!� ��),;

 �:6 =�	H �� �% �.+ �
	O �� /��,3 ���L,6 �. 3 �% ����! �,; 	O �/; �.<��/+ �/C�

 �/:6 ��,/6 �	/!� ���,H �� �� 53 �.+ �� �,; �)��>
 ����! �� ��C�$
 G?� ���	1�

 =;�� ���,3 �,O� .�/
 k,/
�! �	/9 CB�� ��,/; � 5P� ��� �L �� �6 '�� �Iz3

�! ���,4>! �:6 <	QPK! � ��
 2� G?� �),;.
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